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Primitive ro-uesive func£:ioa£( r<r* a subset of general recursive furc* 
i.io,;& havisug the f'ol lowing pro-pert. ion,. 

.U They t\r.:\ be defined using a particular recursive schechi giv&n 
bclovc 

2. They ajf-: always cot&l functions* that i& they are defined on their 

entire natural domain o 

3. Host" co^no-i arithmetic functions are primitive recursive *> 

4. J.iap;-*rt#.at partd of the arithzueti nation of n^tam^the/Tiatic^ can. he 

cxpres&ed using primitive recursive functions <, to particular* 
suppose s;e define 

theorem lx] « J3 proof [proof check [x;proof]j 
Proof check. is a primitive recursive predicate which ia true if x ie a 
theorem and P.roof is its proof c theorem is not primitive recursive 
'It is 'not even generally recursive although it is recursively enumerable.. 
Primitive recursive functions of the natural integers can be defined as 
follows* 

1^ constant functions e.g. M(K a y»E)4) 

2 ident i ty S'unct ions e g \{ {x 9 y * z , w) 2) 

3 the successor function X{(x) x*l) 
A, equality M!(x»y) x«y) 

5 composition «,g» Mtx»y)fCxig{y,x,x))} 
where f and g are primitive recursive 



6o recursive definition by the following schema onlyo 
f(y^*.#x ) * (if y ~ then hCx^ooX^) else 

gCy i^o o cx a ,f (y 1 sx^ o •* ))) 

where g and h are primitive recursive* 
Fi:imitive recursive functions of S-exprcsaions are similarly defined, 
L constant functions e*g* X[[u;v3 <A B C)3 
2o identity functions e g* M[u;v;x;y] xl 
3, X[[x;y3 cons £x;yll 
4o \{[*;y] equal [xjyll 
5o composition 
6o recursive definition by the following schema only a 

flyjXjoaoX J = [if atom [yl then htyp^oooX^J else 

glyi^oooK i fEcarty];^**** ]; flcdrlyj; x^.oX^]]] 



The introduction of recursive function definitions into a deductive 
system is a difficult problem* We want to be able to do so because recur- 
sive definitions are a powerful way of describing algorithms » 

However* the introduction of recursive definitions indiscriminately 
will result in contradictions * The reason for this is that unlike proper 
definitions, recursive definitions are not eliminable? They actually 
introduce new premises into the systenu The specific premise introduced 
by a recursive definition is that there is a function that satisfies the 
defining equation a If there is none, then the equation makes the system 
inconsistent v 

Since we shall discuss recursion induction later, it might be well to 
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poin'c cut that a given equation need not have a uaique eolation. Kovrever 
if It ic convergent, then there ie a unique solution* 

For Q::aa5ple 3 consider the equations 

(I) fact(x) = (if x = then i else xofact£x~i)) 

<2> factlfc:) « fact 1{kv1}/x-M 
Equation 1 converges and defines the factorial of a natural integer* 
Equation 2 does not converge,. It is satisfied by the entire family of 
functions faotl(x) * fc « xl where k is any constant. 

Recursive definitions can be introduced under certain restrictions 
that guarantee their convergence. However, this requires that a certain 
portion of the aritfeuetisation of metaoathematics be accomplished first. 
This is difficult to do without U3ing recursive definitions . 

A convenient way to avoid this circularity ie to allow the introduc- 
tion of primitive recursive definitions as an axiom schema* this is con- 
sistent because the condition of total convergence is always met by primi- 
tive recursive functions,, 



The final topic of this paper is to obtain a general primitive recursion 
schema for a variety of domains* These domains will be built from primitive 
domains using the <g) and % operations described by McCarthy in "A Basis 
for a Mathematical Theory of Computation". 

Consider a domain S defined from primitive domains A 9 B 3 e s ... S is 
defined by setting it equal to some form in S S A,B,C, , which is composed 
using only <, ) s @ , >c as syntactic constants. We shall give a mechanical 
translation from the equation defining a domain into the primitive recursive 
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ioh'^sa for that domain* 

1, The left side of the equation is "S "•'o We translate this ae 

1 n 

2, The form "<A © 8)" Is translated as 

"(if p Aj3 < x > £he « ^C»»y I «-y n ) else p*)" 
where p* is the translation of p 

3, The form "<A X B) M is translated 

The canonical functions and predicates p , k t /> etc. are defined on 
pp u 49«50 of McCarthy's paper., 

This translation has been properly defined only for certain domains. 
As an example, we translate the definition of integers into primitive 
recursion schema* 

X - <{0} + ( {6} ^ I)) 
f(x»y 1 »».«y n ) * if xe [o] then h(x, yi ,..y ) else 

«<y»VV f <*A,B<*>»yi— y n >> fC/>A,B< x )»yi— y n » 

Note that x£ ^ 6] means x^O 

«A B <x) means M(x) 0) 
ft A,B ^ me «08 \({x) x«l) when x $* 0. 
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